The R am an effect in crystals is treated in this paper with the help of Placzek's approxim ation. I t consists of contributions of different orders with respect to th e am plitudes of the vibrations; the first-order effect is a line spectrum depending only on the vibrations of infinite w ave length, the second-order effect is a continuous spectrum depending on com bination fre quencies of all pairs of branches of the lattice vibrations, each pair taken for the same wave vector. In highly symm etrical crystals like rock-salt the first-order effect is zero. The secondorder effect can be,calculated for rock-salt w ith the help of the tables of the lattice frequencies published by K ellerm ann. I t consists of thirty-six peak's, each belonging to a combination frequency. The superposition of these allows us to determine w ithout any arb itrary assum p tion about the coupling constants, the frequency of the observable m axim a in fair agreement w ith K rishnan's m easurem ents. By adapting three coupling constants one can also determine the relative intensities of the m ost prom inent peaks and obtain a curve which in its m ain features agrees w ith the observed one.
Introduction
In the same year, 1928, as Raman discovered the existence of displaced lines in the light scattered by liquids, the Russian physicists, Landsberg and Mandelstam, found a similar phenomenon in crystals (quartz and calcite). The Raman effect provided a powerful tool for investigating the dynamical properties of molecules, and a detailed theory of molecular scattering in liquids and gases has been developed. Crystals have been comparatively neglected, and no systematic theory of their Raman effect seems to exist. The reason for this is easily understood. In those crystals which can be considered as composed of molecules the effect is roughly identical with th at in the liquid state, simplified to some extent by the fixed orientation, but complicated by the coupling of the molecules; and as the main interest is directed towards using the Raman spectrum as a help to the chemist, the embedding of the molecule into a crystal appears as an unnecessary complication and nuisance. In atomic and ionic crystals, however, where the whole lattice has to be regarded as a single gigantic molecule, the intensity of the Raman effect is very often extremely small; for instance, when certain symmetry elements exist which produce a cancelling of terms of first order with respect to the vibrational amplitudes.
With the help of very long exposures, however, the second-order Raman effect can be observed.. The first example of this kind was obtained by Rasetti (1931) and discussed by Fermi & Rasetti (1931) . They found that the Raman effect in rock-salt crystals consists of a continuous background with peaks superimposed, and they developed the theory from the standpoint of ordinary lattice dynamics to a stage where the continuous character of the spectrum could be understood; they abstained, however, from any attem pt at a quantitative theory as their formulae were too involved.
We have now taken up this problem and developed the theory for rock-salt in some detail because R asetti's observations have been used by Ram an and his school as material for discrediting lattice dynamics and for proving their own strange theory of lattice vibrations. This theory contends th at the vibrational spectrum is not quasi-continuous as correct classical or quantum mechanics implies, but consists of a small number of lines. All kinds of phenomena have been used byWe give here in § § 1-5 the general theory for any crystal. The main result is th at the second-order Raman effect is a continuous spectrum involving combinations <Oj± of two frequencies in the same or different branches, but both belonging to the same wave vector. The peaks on this continuous background can be understood by a principle already used by Born & Blackman (1933) for explaining the fine structure of the residual raysf ( R e s t s t r a h l e n) , namely, th at the den frequencies of a lattice has a maximum near the centre of the reciprocal cell. The Raman spectrum consists, in fact, of a number of steep and narrow continuous peaks which are superimposed in such a way th a t the observed aspect is obtained.
If this general theory is applied to rock-salt a satisfactory representation of the extent of the continuous background and the position of the main peaks is obtained; no arbitrary constants are introduced in the determination of these, as Kellermann's results depend only on the measured lattice constant and compressibility of rock-salt. In order to explain the intensities the coupling constants between the ions of the lattice have to be adapted.
Krishnan has published some other second-order Raman effects, e.g. in diamond (19456), obtained by extremely long exposures, which look superficially like faint lines. One can expect th at these will also be explained quantitatively by a correct application of lattice dynamics.
Theory of Raman effect in crystals

The general theory of the Raman effect
A perfectly rigorous theory of crystal optics should proceed in this way: The quantized radiation field should be coupled to a set of nuclei and the corresponding number of electrons in an almost periodic array; the whole has to be treated as one quantum-mechanical system. This would, however, be extremely complicated. For the purpose of calculating the scattering the problem can be simplified by assuming the radiation enclosed in a very large box and the crystal small compared with the box, yet, on the other hand, large compared with the lattice cell. Then the whole crystal can be considered as one gigantic molecule and Dirac's theory of the interaction between particles and radiation can be applied. The result can best be described by first considering the scattering classically.
Assume th at the incident light is elliptically polarized,
it produces an electric moment M with componentŝ = (P,(r= 1,2,3), (1*2) < r t T his th e o ry w as based on th e assu m p tio n of n on-harm o n ic term s in th e p o te n tia l energy. O ne can, how ever, explain th e o bservations m ore sim ply w ith o u t th is assu m p tio n , using only harm o n ic v ib ratio n s, b y ta k in g in to acco u n t th e defo rm ab ility of th e p articles. T his w ill be show n in a se p arate publicatio n .
where < xpa. is the polarizability tensor. Let q be a unit vector normal to the direct of observation. The intensity of the light scattered in this direction is, apart from constant factors, / = j M .q S 2 (1-3)
per pv
In quantum theory the ccp (T can be calculated in terms of the frequency o) of the incident light, the energy levels of the scattering system and the matrix elements of its natural or unperturbed electric moment. The light scattered for the transition of the system from a quantum state n to another n' is obtained by replacing ocp (T in formula (1-3) by the matrix element [ccpff\nn> and oj4 by (& > + wnTi/)4.
Practically only vibrational transitions are observable, producing the Rayleigh and Raman effect. In this case a simplification due to Placzek (1934) can be used. The polarizability a can be calculated as if the nuclei were in fixed positions (neglecting their kinetic energy) so th at it is a function of the nuclear configuration chosen, ocp(T (X). Now if the nuclei are performing small vibrations (U) about equilibrium positions (X0) so th at X -X 0 + U,the vibrational states may be the quantum number v and the matrix elements of ap rT (U) with respect to v, [ccpa\vv-, can be formed. Then (1*3) still holds for these coefficients. In this approximation (w+a»nn,)4 can be neglected, as it is practically the same for all Raman lines of a given incident light:^v v' 2 S Q pQ p m per pv
We shall specialize the general formulae for natural incident light and observations without an analyser. In this case the average over the azimuth of the polarization of the incident and scattered light has to be taken. If 1,2,3) are the angles between the incident beam and the co-ordinate axes and 1,2,3) those between the observed beam and these axes, an elementary consideration leads to
is the intensity of the incident light. The problem is now reduced to the calculation of the quantities \y per, fiv\vv'
( [1] [2] [3] [4] [5] [6] for all vibrational transitions v-+v'; but very many of these belong to the same frequency, particularly if the vibrations are considered to be harmonic (as we shall do in our case). Then the weighted mean of the quantity (1*6) has to be formed.
Let ev be the energy in the state v, then by multiplying by the Boltzmann factor the thermal average S t ŵ
where the summation is taken over the initial state v. The result can be ordered with respect to the oscillator frequencies separating the state v' from the state v.
E xpansion of the polarizability
We describe the equilibrium of the crystal in the usual way with the help of the base index k and the cell index l (lv l2, l3) . If n is the assumes n values 0 ,1 ,2 ,..., n -1; if Ni s the number of cells of N points. We denote by j a small displacement of the nucleus (l, k) and write its three rectangular components (V = 1,2,3).
/a, l, k is 3 nN. The polarizability can then be expanded as a power series with respect to the u,
Theory of Raman effect in crystals
All these quantities are symmetric in p, <r but not in the other indices.
The coefficients satisfy a number of identities. The first set of these are conse quences of the periodicity of the lattice. Any quantity which describes an equilib rium property and depends on only one single particle (l, k) must be the same for all cells and hence independent of Z; in particular w ( f c ) independent of'*, = afal,(k).
(2-3)
Further, any equilibrium quantity depending on two points (1, k) and (V, k') is invariant if l and V are subjected to the same cell displacement and hence depends only on the difference
A second set of identities is obtained from the consideration th at any translation of the crystal as a whole does not change its electric moment. Hence if all are taken equal (independent of l and k) a(*£, must vanish. Therefore
N ormal co-ordinates
As we have already said, we shall consider the vibrations to be harmonic. Let 0(X) be the total electronic energy for fixed nuclei which can be expanded with respect to the displacements U in the neighbourhood of the equilibrium position X 0, which depend on two points and therefore on the difference -only. 3) considered as a function of the two sets of indices fi, l, k and V, k Now the quantum theory of electronic systems (Born & Oppenheimer 1927) shows th at the total electronic energy can be considered to be the potential energy for the motion of the nuclei. Their kinetic energy iŝ -* 5 " * * ® ' <3'4)
Now introduce normal co-ordinates with the help of which 0 2 and are trans formed into the sums of squares. We give only the results of the well-known method. Let £( J )be complex normal co-ordinates where the index as same number of values 3 n Na s the domains of fi, k, l together. Then
The coefficients are the solutions of the linear equations for free vibrations (waves). In consequence of the periodicity of the lattice these can be split into N sets of 3 equations, (3) (4) (5) (6) where
it follows th at =41?)-
The index J has been split into two indices | ^ , where j = 1 ,2 ,..., 3 represents the different branches of the spectrum and $((21? Q3) the different waves of each branch. The full set of different values of Q is represented by the points which are obtained on dividing any unit cell in reciprocal space into N = L3 sub-cells each of side IjL.
The coefficients in (3-5) are the elements of a unitary matrix and can be written c'*(i|< /) = c'«G|?) = e''W?)e" < ',e' < 3'10)
where the e^k j ^ j must satisfy the identities 2 X (* |^)< ? (* y ) = *m> 2 e " ( * |^ = (3-11)
fi,k
Since the u |^j are real, one has O '© -
Now each complex f-represents two real normal co-ordinates, but on account of (3-12) the number of these can be reduced to the proper value again by restricting the Q values to half the points in the unit cell of reciprocal space.
E xpression of polarizability in terms of normal co-ordinates
Substituting (3*5) in (2*2) one obtainŝ
Here the factor 2 e27ri(,>0) splits off; it is a ^-function vanishing except for 0.
The first-order Raman effect is therefore due only to vibrations with wave number zero or infinite wave-length, where each of the n simple lattices corresponding to the n points of the base moves like a rigid system. The matrix elements vanish except for transitions belonging to the frequencies ± ; therefore the firstorder Raman effect is a line spectrum of not more than 3 lines (as the three acoustical branches have = 0), each line corresponding to a normal mode of the system of n interpenetrating rigid simple lattices. It is the same as the Raman effect of a molecule of n particles, with a fixed orientation in space (translations allowed, rotations excluded) having the dynamical matrix (3-7)
But (4-2) always vanishes if each lattice point is a centre of symmetry. This is the case in many simple crystals, among them rock-salt. Therefore we shall not discuss the first-order Raman effect any further. In the same way it follows from (2-2) and (3*5) th a t This expression is then to be inserted in (1*7) and the result will obviously be a sum of terms of the type
The quantum number v represents the set vx, v2, v3, ... of the quantum numbers of the single oscillators. I t is well known th at the matrix elements of the amplitude 7jj of one of a set of real oscillators vanish except when vj changes by ± 1 while all other Vj. are unchanged. The matrix elements of the square rfo vanish except when Vj changes by 0, ± 2 and those of the product Vj Vj' except wh simultaneously by ± 1.
The results can be ordered according to the frequencies and are given in table 1, where
A product of the form (5*2) with real oscillators, e.g.
(s-4)
where the two factors refer to the same transition v->v', is obviously zero except when the first factor refers to the same two oscillators as the second, i.e. if either
Now consider a system of complex oscillators
where 7 j is short for tjj, then the last result still applies.
where we have omitted the argument J. Now consider only transitions v->v' corresponding to the Raman effect (not the Rayleigh effect, i.e. excluding v' -v). Then = < O T k + K2fi»-+ % 2:w K2U > » -(5-8)
Here the last term vanishes; for the meaning of the brackets is explicitly the following:
where n is the quantum number belonging to ?/, m that belonging to £, and v' 4= v. Hence the product vanishes. Since, however, the two matrix elements which appear in the other terms belong to the same transition frequency, (5-8) finally reduces to
In the same way, if Finally, the averages for the real oscillators occurring in the formulae (5*10) and (5-11) have to be calculated. W ith the abbreviation (5'13) straightforward calculations from (1*7) and table 1 lead to the results shown in table 2.
The intensities corresponding to these six frequencies are obtained from (5-1) with the help of (5-10), (5*11) and (5-12). Writing To obtain the observed intensities one must first integrate over th a t part of the reciprocal space Q which belongs to a frequency (o, i.e. V , /*•>(«) I J/.
H K f )
iptr,/a> ( I dQ (5-15)
where the Stokes and anti-Stokes lines have to be taken separately. Then the total intensity for a given incident beam A and a given position of the analyser q is, from (1*4),
Iw = s v -( w ) 4^; u ' (5-16)
The number of terms in the sum (5-15) over and j' is (3 for instance, for a diatomic base it is 36. Hence the whole observable spectrum consists of 9 super imposed continuous bands each of which will have a maximum a t a certain point. This result explains a t once the general feature of the observed spectrum; th at it consists of a continuous background with a considerable number of peaks.
We shall not continue the general theory any further except to indicate a few points in the evaluation of the intensity. Symmetry considerations can be used to simplify the a-factors occurring in (5-14) using the explicit expressions (4*5). This would be extremely involved if it were to be done for all waves, i.e. for all points of the reciprocal space Q. In fact, the integral (5-15) will depend very little on the whole distribution of pv (3 in the Q-space, but mainly on those parts where the fre quencies have a maximum of density. The general problem of finding these regions of the Q-space would also be very involved (we shall solve it approximately in the special case of rock-salt). If it is solved it would suffice to apply the symmetry considerations to these special waves which would be a much simpler problem than the general one and would lead to a classification of the qualitative feature of the Raman spectra of crystals according to the symmetry of the lattice.
R aman effect in rock-salt
For the rock-salt lattice the whole vibration spectrum has been calculated by Kellermann (1940) for a set of Q-values sufficiently complete to get a good idea of all the branches. His assumptions are Coulomb forces acting between all ions and repulsive forces between next neighbours; the two constants appearing from the latter can be calculated by using the experimental values of the lattice constant and the compressibility. Hence his results are independent of arbitrary assumptions, and they are checked by the calculations of the specific heat (Kellermann 1941) .
First consider the factor containing the polarizability a in (5*14), assuming th at the constants in (4*5) are different from zero only for next neighbours; even under this simplified assumption seven independent constants appear. 
/.
(6-3)
Those a^'^{ kk) which are obtained by interchanging the 2 and 3 axes have been written out in full; all others may be obtained by the use of equations (6*1), (6-2) and (2-5) and by cyclic interchange of the axes.
The from (4-5) have now to be calculated. For this purpose the whole set of eigenvectors ep[k ® j should be known. These are not given by Kellermann, and even if they were, the calculations for all points in the $ -space would be much too complicated. Now as we have remarked before the integral (5* 15) depends essentially on those points of the Q-space where the density of frequency is a maximum. For a linear lattice it can be said th a t this is the case a t the centre point of the cell in reciprocal space. In the three-dimensional case the density z}r(oj) of the frequency *S ^e^ne<^ ky the integral
The functions are stationary at the centre of the reciprocal cell, Q = (£, 1); hence no great error will arise if this value of Q be taken in calculating the and the other factors in (5*14). This means th a t using this approximation (5-15) is replaced by V . /•*(") = 2 W 0 7 ) (6'5) ij'
where (jj') now refers to for the point Q -(|, |) .
Then the total intensity is 7(w) = s s ApA* M , * (6*6) po* py Now consider the case where an unpolarized incident beam along a crystal axis is observed normal to its direction without analyser. Using the formula (1-5) we have put where the constants of (6*3) can now be replaced by three constants Fcl + 26, C? -c + 2d, H = 6+^+^.
(6 *1 1 )
These three constants determine the intensities of the second-order Raman effect. They are the only arbitrary factors in the expression (6-8) for I(m), and are the only quantities which have been adapted to fit the measurements. In order to evaluate ep(k | j) equations of motion must be establishe I t can be shown by simple symmetry considerations, as in Kellermann (1940) , th a t the six equations (3*6) split into two sets of three. The first equation of either set is of the form with two others obtained by cyclic interchange of the suffix of | The two sets are distinguished by k = I or 2. The values of shall be chosen Kellermann's notation. W ith the help of the orthogonality relations (3T1) the solu tions of these equations are ei(2 | = e2(2 I e3(2 | 0;
Using equations (6*10) in (6-9) and substituting the above values of ep(k \ j) after some calculations the following values of A(jj') are found: The A(jj') for th e j = 2, 5 or 6 group are found by replacing mx by m2. If j belongs to the (1,3,4) group a n d / to the (2,5,6), it can be seen from (6-13) th at all products ep(k | j) e*(k | j') are zero; so the corresponding A(jj') is zero.
Combining these results it is found th a t the approximation to the intensity distribution is S t.
A. S t.
where < €i and ^ are taken at the point Q = (|, | , \). We have taken means between the 3 and 4 branches and between the 5 and 6 branches corresponding to the results for the central point.
The density for is taken from Kellermann's paper 'On the specific heat of sodium chloride crystal', where he gives drawings for the density of (Keller mann 1941). Following his methods for the other cases the -scale is divided into equal sections Aco -0-6 x 1013 sec.-1 and the number of frequencies ~W(y ) counted in each interval. By changing the initial point by 0*2 x 1013 sec.-1 three step curves are obtained for each , which are finally replaced by one smooth curve. The results for the pairs of branches are represented in figure l.f One sees already that apart from one group of maxima near zero frequency which will be covered by the width of the exciting mercury line there appear five main groups of maxima. Their mean positions are given in the first row of table 3 and are com pared with the peaks observed by Krishnan. The table shows that our theory gives without any arbitrary assumptions the main features of the observed spectrum. A number of small side maxima are to be expected, just as they are found in the photograph, but it would be deceptive to try to include all these in the resultant intensity curve and to compare them with observations, since there is no evidence Table 4 contains the numerical values of and erh for Q = (£, £), T = 273° K. Using products and squares of ^ and the corresponding erh according to formula (6T5) we have redrawn the branches after multiplication by the proper factors, obtaining a figure which differs only a little from figure 1. Finally, we have tried to fit the maxima to the observed intensities by adapting the A(jj') of (6-14) which depend on the three constants F, G and H. We found th between F, G and H leading to fairly good relative intensities were Considering the number of omissions and simplifications which we have already made it does not seem worth while to improve the results by changing the constants A(jj'). I t should be possible to determine the coupling constants from first prin ciples by applying quantum mechanics to the interaction between the electronic clouds of neighbouring atoms. We should like to draw attention to the fact th at one of the constants F or Ga ppears to be negative (probably G).
200 300 Stokes an ti-S to k e s F i g u r e 2. F in e line is sk etch o f K rish n a n 's m icro p h o to m etric reco rd o f R a m a n sp e ctru m of ro ck -salt (K rish n an 1945 a). B roken lines rep rese n t th e o re tic al co n trib u tio n s to in te n sity of p airs of b ranches of frequency. T hick line rep resen ts th e o re tic al in te n sity o b tain ed from su p erp o sition of these. 
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represented. If one takes into account th at many of the curves are actually double or triple and th at some have been entirely omitted, one would expect th at a more perfect approximation would give an even better agreement, f Our results show conclusively th at the second-order Raman effect cannot be used to disprove lattice dynamics. The observations not only do not confirm any of the predictions of Ram an's theory but they represent direct evidence for the existence and quantitative properties of the continuous spectrum as predicted by correct mechanical treatm ent of lattice vibrations. A, 18, 298 . K rish n a n , R . S. 1945 a Nature, 156, 267. K rish n a n , R . S. 19456 Nature, 155, 171. K rish n a n , R . S. 1946 Nature, 157, 623. P laezek, G. 1934 M arx, Handbuch der Radiologie, 6 , p a r t 2. R a s e tti, F . 1931 Nature, 127, 626.
1" T h e figure p u b lish ed in o u r p re lim in a ry p u b lic a tio n in N ature (1945; see also K rish n a n 1946 a n d B o rn 1946) differs a little from figure 2 of th e te x t b ecau se o f a n u m e rical m is ta k e ; we h a v e given one of th e b ran ch es. oj(5 ), d o uble its w eight.
